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Abstract

We explore origin-destination forecasting of commodity flows between 15 Spanish regions,
using data covering the period from 1995 to 2004. The one-year-ahead forecasts are based on
a recently introduced spatial autoregressive variant of the traditional gravity model. Gravity
(or spatial interaction models) attempt to explain variation inN = n2 flows between n origin
and destination regions that reflect a vector arising from an n by n flow matrix. The spatial
autoregressive variant of the gravity model used here takes into account spatial dependence
between flows from regions neighboring both the origin and destinations during estimation
and forecasting. One-year-ahead forecast accuracy of non-spatial and spatial models are
compared.

KEYWORDS: gravity models, Bayesian spatial autoregressive regression model, spa-
tial connectivity of origin-destination flows.



1 Introduction

The term ‘spatial interaction models’ has been used by Sen and Smith (1995) to label

models that focus on flows between origin and destination locations. Others refer to these

as ‘gravity models’, since they seek to explain variation in the level of flows across a sample

of N = n2 origin-destination (O-D) flows by relying on a function of distance between the

origin and destination locations as well as explanatory variables reflecting size of the regions.

As in the case of gravity, the push and pull forces associated with origin and destination

locations further apart are thought to be weaker, and the attraction between larger regions

is greater.

Flows sometimes take the form of counts, for example a count of persons migrating

from location A to B over time, or the number of workers commuting from home to work

locations. The estimation and forecasting methods set forth here do not apply to flows

taking the form of counts, since our methods require flows that exhibit a normal distribu-

tion. Extending our methods to the case of Poisson or Negative Binomial distributions is

beyond the scope of this article. The methods we outline pertain to commodity or trade

flows between locations measured in dollars, that can be log transformed to exhibit an

approximately normal distribution. One can also encounter cases where flows between a

large number of the regions are absent. This might be true for flows between small isolated

regions measured over a short time horizon, for example monthly migration of persons from

the state of Rhode Island to South Dakota might be zero. For a discussion of issues that

plague regression and maximum likelihood models of flows see LeSage and Fischer (2010).

Ordinary least-squares estimation of spatial interaction models relies on two matrices of

explanatory variables that we label Xd, Xo constructed to reflect characteristics associated

with origin and destination locations for each O-D pair. Distance between each O-D pair

is also included as an explanatory variable. Use of least-squares to estimate these models

assumes that the O-D flows are spatially independent as well as following an approximately

normal distribution. The validity of the independence assumption has long been questioned.

For example, Griffith and Jones (1980) conjecture that flows from an origin are “enhanced
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or diminished in accordance with the propensity of emissiveness of its neighboring origin

locations”. They also state: that flows associated with a destination are “enhanced or

diminished in accordance with the propensity of attractiveness of its neighboring destination

locations”. In other words, spatial dependence is more likely than spatial independence

when considering O-D flows. Spatial dependence in our flow setting refers to the fact that

flows from nearby locations (either origins or destinations) will be similar in magnitude. The

interested reader is referred to LeSage and Pace (2008) for a more complete development

of these ideas.

For the case of spatial dependence in situations involving flows taking the form of counts,

a number of modeling and estimation procedures have appeared in the literature. Grimpe

and Patuelli (2011) model regional patent counts (as the dependent variable) using a Neg-

ative Binomial model after filtering the dependent variable for spatial dependence, while

Scherngell and Lata (2011) use a Poisson model that filters the dependent variable patent

counts for spatial dependence. Pre-filtering for spatial dependence allows application of

standard Negative Binomial or Poisson regression methods. Fischer and Griffith (2008)

assume that spatial dependence exists only in the model disturbances, and model this us-

ing a spatial autoregressive process applied to the disturbance terms. These works pertain

only to estimation and inference, but not to the topic of forecasting flows reflecting count

magnitudes, which is an area for future research.

In this study we compare forecasting performance of the classical regression gravity

model with a spatial regression model that incorporates a dependence structure for the flows.

The forecast accuracy of robust and non-robust Bayesian variants of the spatial regression

model for commodity flows is compared to the more conventional least-squares model as

well as robust variants of these. Spatial regression models are widely used in applied spatial

econometric work, but a comparison of forecasting accuracy for these models with more

conventional regression models in a flow context has not appeared in the literature.

Our sample data consists of n = 15 Spanish regions where the commodity flows have

been organized as an n by n ‘origin-destination (O-D) flow matrix’ that we label Y . Without
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loss of generality, the row elements of the matrix Yij , j = 1, . . . , n reflect flows from origin

regions j to each destination region i = 1, . . . , n. In our applied example, we use (logged)

dollar values of commodity flows, and treat the columns as ‘origins’ of the commodity flows

and the rows are ‘destinations’ of the flows. We explore the space-time dimension of these

commodity flows using the C-intereg database. This allows us to estimate the Spanish

commodity flow model annually for the period 1995-2004. One-year-ahead forecasts for the

set of N = n2 = 225 commodity flows are used in our real-time forecasting experiments.

Apart from the spatial autoregressive extension of the classical gravity model, we ex-

plore a method proposed by LeSage and Pace (2008) to address a problem that often arises

in flow modeling. Intra-regional flows (those within the regions) tend to be very large rela-

tive to inter-regional flows (those between regions). Researchers interested in interregional

aspects of flows often set the intraregional flows that reside on the main diagonal of the flow

matrix to zero values in an effort to prevent these observations from entering the model

(see Tiefelsdorf, 2003 and Fischer et al., 2006). The phenomenon of large within region or

country flows versus smaller between region flows has been extensively analyzed in the in-

ternational trade literature under the rubric of ‘border effects’ (see: McCallum,1995; Wolf,

2000; Anderson and van Wincoop, 2003). According to this literature, interregional borders

result in larger trade within two neighboring regions than between these regions even if the

two regions exhibit similar production and consumption levels.

In our spatial regression model we avoid setting the intraregional flows to zero since

this will have an adverse impact on local averages of the dependent variable used as an

explanatory variable in these models (see LeSage and Pace, 2008). The approach proposed

by LeSage and Pace (2008) involves creating a separate model for the within region flows

(those on the main diagonal of the flow matrix). Use of a distinct set of explanatory vari-

ables (and associated parameters) to model variation in the main diagonal (intraregional)

flows prevents parameter estimates associated with the origin and destination explanatory

variables from being influenced by large within region flow magnitudes. Our forecasting

experiments compare the forecast accuracy of models constructed using this approach to

3



more conventional approaches.

Section 2 of the paper describes the conventional spatial interaction model along with the

spatial regression extension from LeSage and Pace (2008). Section 3.1 describes the data and

methodology used in our forecasting experiments based on the Spanish commodity flows.

Section 3.2 is devoted to a procedure that can be used to forecast dependent data, which

requires additional effort relative to the case of independent data. Analysis of forecasting

accuracy comparisons for the various models is the subject of section 3.3.

2 Empirical modeling of commodity flows

In section 2.1 we review the traditional gravity or spatial interaction model that assumes

the O-D flows contained in the dependent variable vector y = vec(Y ) are independent,

consistent with the Gauss-Markov assumptions for least-squares. Section 2.2 describes a

procedure from LeSage and Pace (2008) for dealing with the scale differences that arise due

to the presence of large intraregional flows versus smaller interregional flows. This procedure

can be applied to the traditional as well as spatial versions of the flow model. Section 2.3

describes the spatial regression extension of the gravity or spatial interaction model.

2.1 Conventional gravity models

The conventional gravity (or spatial interaction) model attempts to explain variation in the

set of N = n2 O-D flows expressed as a vectorized version of the flow matrix: y = vec(Y ),

where we assume that the flow matrix Y is organized so that the columns represent ‘origins’

of the commodity flows and rows are ‘destinations’. A conventional n by k explanatory

variables matrix X is strategically repeated using the Kronecker product (⊗) to form:

Xd = ιn ⊗ X, where ιn is an n by 1 vector of ones. This produces an N by k matrix

of explanatory variables that reflect characteristics of the destination region of the flows.

Similarly, we can use the Kronecker product to construct an N by k matrix Xo = X ⊗ ιn,

representing characteristics of the origin regions. The other important explanatory variable

use to explain variation in commodity flows is distance, constructed by vectorizing a distance
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matrix D that measures distances between all origins and destinations, e.g., d = vec(D).

These variables are used to form a log-linear regression relationship shown in (1). If

one starts with the standard gravity model and applies a log-transformation, the resulting

structural model takes the form of (1) (c.f., equation (6.4) in Sen and Smith, 1995). In

(1), βd and βo represent k by 1 parameter vectors associated with the N by k matrices

Xd,t−1 and Xo,t−1. The scalar parameter γ reflects the effect of the distance vector d, and

α denotes the constant term parameter. The N by 1 vector εt represent disturbances, and

we assume ε ∼ N [0, σ2
t IN ], where we use N [µ,Σ] to represent a normal distribution with

mean µ and variance-covariance Σ. In (1), past period characteristics of the destination

and origin regions (Xd,t−1, Xo,t−1) are posited to explain flows during the next time period

(t). Conventional cross-sectional models typically rely on contemporaneous characteristics

(Xd,t, Xo,t) to explain current (period t) flows, which could introduce simultaneity bias in

least-squares estimates.

yt = αιN +Xd,t−1βd +Xo,t−1βo + γd+ εt (1)

In (1), we establish a relationship between flows in the current year, yt and the N by k

explanatory variable matrices, Xd,t−1, Xo,t−1 containing destination and origin character-

istics from the previous year. Of course, the distance vector d does not change over time.

This allows us to produce one-year-ahead forecasts using the estimated k by 1 parameter

vectors βd and βo along with the scalar parameter estimates α and γ. Forecasts for period

t+1 are calculated using parameter estimates based on period t information, as would occur

in real-time forecasting of the model.

Interpretation of the individual coefficient estimates from the vector βd in this model are

that: a positive coefficient for a particular variable vector from the matrix Xd,t−1 results in

larger flows (in the next year) to destinations having larger values of the variable. Similarly,

for the case of positive βo estimates, we would expect to see larger outflows (during the

next year) from regions having larger values of the variable. For example, both origin

and destination regions that have larger populations might be expected to have larger in-
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and out-flows, since more population reflects an increase in the ‘size’ of the regions. Origin

variables having positive parameters are sometimes referred to as ‘push factors’, since larger

values for these variables lead to more outflows, whereas destination variables with positive

parameters are considered ‘pull factors’, producing more inflows.

Estimation of this variant of the model can be accomplished using ordinary least-squares.

One problem that arises in using the model in (1) is that the vector yt contains intraregional

flows that represent the main diagonal of the flow matrix Y . These are typically very large

relative to interregional flows from off-diagonal elements of the flow matrix. This results in

parameter estimates for βd, βo that reflect a compromise between explaining the large intra-

and small interregional flows. We turn attention to this issue in the next section.

2.2 Treatment of intra- and interregional flows

Recent empirical research on interregional and international trade has produced a wide

range of results regarding the impact of borders on trade. For example, studies have found

that pairs of regions within a country will trade between 4 to 20 times as much as otherwise

identical pairs of regions separated by borders.1 Other work has focused on the magnitude

of domestic market fragmentation when intraregional trade flows are available. Again in-

traregional trade flows appears to be substantially larger than interregional, with a ratio

that varies between 2 and 20.2

Based on these findings, we would expect a differential response of intraregional flows

to explanatory variables Xd,t−1, Xo,t−1 than interregional flows, based on scale differences

alone. In a least-squares setting, these scale differences will bias the parameter estimates

βd, βo in favor of explanatory variable characteristics that do a good job of explaining

the large intraregional flows. We note that of the n × n flows which we are modeling,

there are only n intraregional flows compared to n× n− n interregional flows. Tiefelsdorf

(2003) and Fischer et al. (2006) proposed setting the intraregional flows (the main diagonal

1The external border or frontier effect has been studied by McCallum (1995), Helliwell (1996, 1998),
Anderson and Smith (1999), Anderson and van Wincoop (2003), Okubo (2004), Gil et al. (2005), Nitsch
(2000), Evans (2003) and Chen (2004).

2Helliwell (1996), Wolf (2000) and Combes et al. (2005) among others
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elements of the flow matrix Y to zero in an effort to focus on interregional flow responses

to the explanatory variables. Since our objective is to produce forecasts for both intra- and

interregional commodity flows, this approach is ruled out.

Our approach was to follow LeSage and Pace (2008) and create a separate model for in-

traregional flows, which can be accomplished by setting all elements of the matrices Xd, Xo

and the intercept vector ιN corresponding to the intraregional flows to zero. This pre-

vents the large magnitudes associated with these observations from entering the interre-

gional flow model by forcing the non-zero observations in the explanatory variable matrices

Xd,t−1, Xo,t−1 to explain variation in the interregional flows.

This is accomplished using ιi = vec(In) as a new intercept for the main diagonal elements

of the flow matrix, and adjusting the intercept ιN − ιi to have zeros for these observations.

A separate intraregional model is constructed using an additional matrix of explanatory

variables that we label Xi,t−1 to explain intraregional flows (perhaps regional size measures

such as population and area which were used in our application). This is created using

Xi,t−1 = ιi ⊙ (ιn ⊗ [popt areat]), where popt and areat are n × 1 vectors, and ⊙ is the

Hadamard or element-by-element matrix product. Only observations associated with the

intraregional flows from the vector y contain non-zero values in the matrix Xi,t−1 and ιi.

The matrices Xd, Xo are adjusted to have zero elements for these observations, which can

be formally expressed as: Xd − ιiXd, Xo − ιiXo.

Use of the separate model for intraregional commodity flows should downweight the

impact of the large values on the main diagonal of the flow matrix, preventing them from

exerting undue impact on the resulting estimates for βd,t−1βo,t−1. We interpret these pa-

rameters as reflecting the relationship of origin and destination characteristics on variation

in interregional flows, and estimates for βi,t−1 and the separate intercept that we denote αi,

represent the relationship between regional characteristics and intraregional flows.

One point to note is that there are only n non-zero observations in the matrix Xi,t−1,

which might limit the number of explanatory variables that can be used for samples involving

a small number of regions n. Plausible variables that should explain the magnitude of
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intraregional flows would be: area of the region, population and gross regional product of

the region. We would expect larger regions with more population and production to have

higher levels of intraregional (within region) flows than smaller regions with less population

and production.

The modified version of our model from (1) is presented in (2), where we have added

the matrix Xi,t−1 and associated parameter vector βi along with another intercept ιi and

associated parameter αi. It should also be noted that the matrices of explanatory vari-

ables Xo,t−1, and Xd,t−1, and the intercept vector ιN have been transformed so the values

associated with observations representing intraregional flows are set to zero.

yt = αιN + αiιi +Xd,t−1βd +Xo,t−1βo +Xi,t−1βi + γd+ εt (2)

2.3 The Bayesian spatial autoregressive gravity model

LeSage and Pace (2008) point to the implausible nature of the assumption that O-D flows

contained in the dependent variable vector y exhibit no spatial dependence. They note that

the gravity model makes an attempt at modeling spatial relations between observations

using the distance vector alone. If regions exert an influence on their neighbors as suggested

by Griffith and Jones (1980), this might be inadequate. For example, neighboring origins

and destinations may exhibit estimation errors of similar magnitude if underlying latent

spatial forces are at work.

LeSage and Pace (2009, pp. 27-28) show that the presence of spatially dependent omit-

ted variables that are uncorrelated with included variables produces a spatial error model

specification, while (spatially dependent) omitted variables that are correlated with included

variables leads to a spatial lag model specification. In addition, we note that forecasts for a

spatial error model take the same form as those from the non-spatial least-squares model,

and do not involve exploiting dependence between flows from nearby regions. Therefore,

improved forecasts resulting from a spatial lag model specification would point to the lag

model as the specification most consistent with the sample data.
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There are several motivations for spatial dependence in variables omitted from spatial

interaction models. For example, agents located at origins nearby in space may experience

similar transport costs and profit opportunities when evaluating alternative destinations.

Other motivations for spatial dependence in observed commodity flows might be common

factor endowments or complemetary/competitive sectoral structures. For example, natural

resource endowments are commonly thought to explain patterns of trade specialization. De-

mand and supply shocks should then have a similar impact on regions with similar resource

endowments. Since many resource endowments are conditioned by space (e.g. arable land,

natural resources, climate, common transport infrastructures, etc.), it seems plausible that

nearby regions might exhibit similar patterns of sectoral specialization in production. As

a concrete example for our sample of Spanish regions, trade flows of agricultural products

originating in the Andalusia region of Spain are not likely to be independent of agricultural

outflows from the Murcia region, since these two neighboring regions have many natural

features in common as well as similar agricultural production specializations. Demand and

supply factors that influence the agricultural flows from one of these two regions are likely

to impact the flows from the other region in a similar fashion.

In addition to the example of positive spatial dependence above, there may also be

negative spatial dependence arising from situations where two nearby regions compete by

producing similar products for the national market. This would lead to a situation where

increases in outflows of a specific product from one of the regions might be associated with

decreased flows from the competing region. LeSage and Llano (2007) provide a hierarchical

Bayesian model that contains spatially structured individual effects parameters that can be

used to identify positive and negative origin/destination spatial effects. However, individual

effects models are not well-suited for the task of forecasting.

We use a spatial autoregressive model to accommodate possible spatial dependence

in commodity flows. In a typical cross-sectional model with n regions where each region

represents an observation, spatial regression models rely on an n by n non-negative weight

matrix that describes the connectivity structure between the n regions. For example, Wij >
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0 if region i is contiguous to region j. Besides contiguity, various measures of proximity such

as cardinal or ordinal distance have been used to specify non-zero elements of the matrix

W . By convention, Wii = 0 to prevent an observation from being defined as a neighbor to

itself, and the matrix W is typically standardized to have row sums of unity.

In the case of O-D flows, where we are working with N = n2 observations, a key issue

is how to construct a meaningful spatial weight matrix that describes connectivity between

regions treated as origins and destinations. LeSage and Pace (2008) provide a solution by

noting thatWd = In⊗W , represents anN byN row-standardized spatial weight matrix that

captures connectivity between regions viewed as destinations, and Wo = W ⊗ In produces

another N by N row-standardized spatial weight matrix that captures connectivity between

origin regions.3 For our model of commodity flows we rely on a row-standardized matrix

Wc = Wd + Wo, to form a spatial lag of the dependent variable, Wcy. This additional

explanatory variable vector formed by multiplying the N by N matrix Wc and the N by 1

vector y is added to the model from (2), as shown in (3).

yt = αιN + αiιi + ρWcyt +Xd,t−1βd +Xo,t−1βo +Xi,t−1βi + γd+ εt (3)

The additional explanatory variable captures both ‘destination’ and ‘origin’ based spatial

dependence relations using an average of flows from neighbors to each origin and destination

region. Intuitively, forces leading to flows from any origin to a particular destination region

may create similar flows from neighbors to this origin to the same destination, a situation

labeled origin-based dependence by LeSage and Pace (2008). This formally captures the

point of (Griffith and Jones, 1980) that flows from an origin are “enhanced or diminished

in accordance with the propensity of emissiveness of its neighboring origin locations”. The

spatial lag vector Wcy also captures destination-based dependence reflecting the intuition

that forces leading to commodity flows from a particular origin region to a destination region

may create similar flows to nearby or neighboring destinations. This is the notion of Griffith

and Jones (1980) that flows associated with a destination are “enhanced or diminished in

3We use the symbol ⊗ to denote a kronecker product.
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accordance with the propensity of attractiveness of its neighboring destination locations”.

We note that the model in (3) subsumes the non-spatial model as a special case when

the scalar parameter ρ takes on a value of zero. This allows us to test for the presence

of significant spatial dependence in the O-D flows. If there is spatial dependence, it has

been shown that least-squares estimates are biased and inconsistent, which suggests that

ignoring spatial dependence should result in less accurate forecasts.

A final problem that arises in modeling and forecasting commodity flows is the presence

of outliers. These might appear as O-D flow observations that are aberrantly large of small,

given values of the explanatory variables. These can exert a great deal of impact on the

parameter estimates, which will in turn influence forecast accuracy. In order to downweight

these aberrant observations, we rely on a robust variant of the spatial regression model set

forth in LeSage (1997).

A formal statement of the Bayesian heteroscedastic SAR model is shown in (4), where

we omitted the time subscript for simplicity. The model adds an independent normal and

inverse-gamma prior for δ and σ2, and a uniform prior for ρ. In addition, a chi-squared

prior is used for a set of N = n2 variance scalars.

y = ρWcy + Zδ + ε

Z =
(

ιN ιi Xd Xo Xi d
)

δ =
(

α αi βd βo βi γ
)′

ε ∼ N(0, σ2V )

Vmm = vm,m = 1, . . . , N, Vml = 0, m ̸= l

π(δ) ∼ N(c, T )

π(r/vm) ∼ iid χ2(r),m = 1, . . . , N

π(σ2) ∼ IG(a, b)

π(ρ) ∼ U(1/λmin, 1/λmax) (4)
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The variance scalars follow an approach introduced by Geweke (1993). These represent

a set of latent variance parameters for each O-D flow dyad, allowing us to replace ε ∼

N[0, σ2IN ], with:

ε ∼ N[0, σ2V ] (5)

V =


v11 0 . . . 0

0 v22
...

. . .
...

0 vNN


Estimates for the N variance scalars in (5), are produced using an iid χ2(r) prior on

each of the variance scalars vmm, with a mean of unity and a mode and variance that

depend on the hyperparameter r of the prior. Small values of r between 5 and 8 result in

a prior that allows for the individual vmm estimates to be centered on their prior mean of

unity, but deviate greatly from the prior value of unity in cases where the model residuals

are large. We used a prior setting of r = 5 for our implementation described in the next

section. Watanabe (2001) provides a method for producing posterior inferences regarding

this parameter, but there is evidence in other work that this approach seldom makes a

difference in the estimates and inferences (Keith and LeSage 2004). Large residuals are

indicative of outliers or origin-destination combinations that are atypical or aberrant relative

to the majority of the sample of origin-destination flows. Geweke (1993) points to the

equivalence of this modeling approach and the assumption of disturbances that follow a

Student t−distribution. We rely on log-determinant calculations set forth in LeSage and

Pace (2009) to implement a Bayesian model similar to that set forth in LeSage (1997).

Markov Chain Monte Carlo (MCMC) estimation is based on the idea that rather than

work with the posterior density of our parameters, the same goal can be achieved using a

large random sample from the posterior distribution. Let p(θ|D) represent the posterior,

where θ denote the parameters and D the sample data. If the sample from p(θ|D) were

12



large enough, one could approximate the form of the probability density using kernel density

estimators or histograms, eliminating the need to find the precise analytical form of the

density. To implement this approach we sample sequentially from the complete set of

conditional distributions for the parameters of the model.

We need the conditional posterior distributions for the parameters β, σ, and ρ as well

as the variance scalars vmm,m = 1, . . . , N in this model to implement an MCMC sampling

scheme. The conditional distribution for β takes the form of a multivariate normal shown

in (6).

p(δ|ρ, σ, V ) ∝ N(c∗, T ∗) (6)

c∗ = (Z ′V −1Z + σ2T−1)−1(Z ′V −1(IN − ρWc)y + σ2T−1c)

T ∗ = σ2(Z ′V −1Z + σ2T−1)−1

The expression needed to produce a draw from the conditional posterior distribution of

σ2 takes the form in (7).

p(σ2|δ, ρ, V ) ∝ IG(a∗, b∗) (7)

a∗ = a+N/2

b∗ = (2b+ e′V −1e)/2

e = Ay − Zδ

A = IN − ρWc

The expression needed to produce draws for the parameter ρ takes the unknown dis-

tributional form shown in (8). LeSage and Pace (2009) provide details on two approaches

that can be used to sample from this distribution, one that relies on numerical integration

followed by a draw via inversion, and the second being a Metropolis-Hastings method.
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p(ρ|δ, σ2, V ) ∝ |A| exp
(
− 1

2σ2
e′V −1e

)
(8)

Geweke (1993) shows that the conditional distribution of V given the other parameters

is proportional to a chi-square density with r+1 degrees of freedom. Specifically, we can ex-

press the conditional posterior of each vm as in (9), where v−m = (v1, . . . , vm−1, vm+1, . . . , vN )

for each m. That is, we sample each variance scalar conditional on all others. The term em

represents the mth element of the vector e = Ay − Zδ.

p(
e2m + r

vm
|δ, ρ, σ2, v−m) ∝ χ2(r + 1) (9)

We produce robust least-squares estimates using this model by setting the spatial de-

pendence parameter ρ = 0.

3 An application to commodity flows between Spanish re-

gions

To illustrate our method, we analyze the C-intereg database that contains interregional

commodity flows for 18 Spanish NUTS2 regions measured in Euros. A description of the

main features of the dataset is provided in section 3.1. A procedure for producing forecasts

with dependent sample data is proposed in section 3.2. Section 3.3 describes five alternative

models used in our forecasting experiments and forecast accuracy results from comparing

the alternative models.

3.1 The Data

The data used in this study for the intra-national flows corresponds to the estimates of

Spanish intra and interregional trade, resulting from the C-intereg project. Currently, the

C-intereg database contains estimates for the interregional trade of goods (30 categories)

between 18 Spanish regions (NUTS2, Autonomous Communities), 52 NUTS-3 provinces,
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and four transport modes for the period 1995-2010. For the sake of homogeneity, in this

study we focus on the ”aggregate flows” (with no sectoral breakdown) observed during

period 1995-2004 and the 15 NUTS-2 regions located on the Iberia peninsula, without

considering Balearic Islands, Canary Islands, and the autonomous cities of Ceuta and Melilla

located in Africa. A detailed description of the methodology used for estimating this intra-

regional and inter-regional flows is described with full detail in flows (Llano et al., 2010).

Such estimates are based on the most accurate data on Spanish transport flows of goods by

transport modes (road, rail, ship and plane) with additional information used to estimate

specific export price vectors, one per each region of origin, transport mode and type of

product. Finally, a process of harmonization is applied to produce flow magnitudes in tons

and euros that are consistent with total output magnitudes from the Spanish Industrial

Survey and the National Accounts.This novel database has been used in several papers

modeling intra-national and inter-national flows with the aim of estimating the internal

(home bias) and the external border effect in Spain at different spatial levels (Requena and

Llano, 2010; Ghemawat et al, 2010; Llano-Verduras et al, 2011; Garmendia et al, 2012).

However it has not been used yet with forecasting purposes.

Apart from the information on the Spanish interregional trade, an additional database

of variables reflecting regional characteristics was constructed for every region and year

using information from the Spanish National Institute of Statistics (INE) and the REGIO

Database from Eurostat.

Following classical applications of gravity models to bilateral trade flows, explanatory

variables meant to reflect size of the origin and destination regions were used in Xo,t, Xd,t.

Specifically, population (pop) and gross domestic product (gdp) were included in the set

of destination size explanatory variables to reflect “pull factors”, but (pop) and gross value

added (gva) were used in the set of origin size explanatory variables to reflect “push factors”.

Variables selected for the matrix Xi,t that capture intraregional flows were population

(pop) and the square meter area of the region (area). These along with the additional

intercept term were adjusted to reflect non-zero values for only observations corresponding
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to the main diagonal of the flow matrix as described earlier. A similar statement applies to

population variable used in the set of origin and destination explanatory variables. Finally,

the (distance) between regions constructed as a vectorized version of the O-D distance

matrix. The sources and definitions of these variables are described in Table 1.

Table 2 shows summary statistics for the (logged) flows and explanatory variables over

the period from 1997 to 2007. A single zero flow was present for the years 1996, 1997, and

2006, with no zero flows for the other years 1998-2005 and 2007. This lack of zero flows at the

regional (NUTS2) level reflect that the intensity of trade between regions within a country

appears much higher than between countries likely due to border effects. The summary

indicates that minimum values for logged flows shows consideration variation over time

whereas the maximum (logged) flows ranged between 24.1 and 24.5 over the years. Logged

flows as well as population and GVA exhibit the expected right-skew, and population and

GVA exhibit upward trending growth over time.

3.2 A forecasting procedure for dependent data

For each year over the period 1996-2003, the model from (3) was estimated using yt, Xo,t−1,

Xd,t−1 and Xi,t−1 with all variables in log form. For simplicity variables used in the ex-

planatory variables matrices were keep the same for all years.

Using the one-period lag relationship between (logged) O-D flows and the explanatory

variables one-period-ahead, a least-squares forecast can be computed using:

ŷt+1 = α̂ιN + α̂iιi +Xd,tβ̂d +Xo,tβ̂o +Xi,tβ̂i + dγ̂ (10)

The gold standard for predicting a dependent variable using variable values at all ob-

servations and conditioning on known values of the dependent variable for other dependent

observations is Best Linear Unbiased Prediction (BLUP) (Goldberger, 1962). Intuitively,

conditioning on sample data values for the dependent variable and the covariance rela-

tionship implied by the spatial dependence structure of observations on those from other

locations should aid prediction accuracy. Past work has focused on prediction of dependent
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data, but not forecasting. For example, LeSage and Pace (2004) consider predicting missing

house values in a real estate application, and Pace and LeSage (2008) provide computation-

ally efficient approaches to producing predications for spatial regression models. We note

that this work points out that use of the reduced form expression for (3) will not produce

best linear unbiased predictions.

Here, we develop a forecasting scheme that takes advantage of the covariance structure

between spatially dependent observations as well as the time lag imposed during estimation.

For simplicity of exposition, we rewrite the spatial lag (SAR) model as in (11), where we note

that use of A = (IN − ρdWd − ρoWo) would produce forecasts from the more general model

which does not combine the spatial weight matrices. Since the focus of this study is whether:

1) the adjustment for large flows on the diagonal of the flow matrix (intraregional flows),

and 2) spatial dependence in flows, can be used to improve forecast accuracy relative to

conventional least-squares forecasts, we did not pursue the more elaborate model involving

two weight matrices. An assessment of gains from use of the more flexible spatial lag

structure involving two weight matrices is a topic for future research.

yt+1 = A−1Ztδ + εt (11)

A = (IN − ρWc)

Zt =
(

ιN ιi Xd,t Xo,t Xi,t d
)

δ =
(

α αi βd βo βi γ
)′

We partition the model in (11) into two parts, one involving flow i from the vector

of flows yt+1, and the other involving all other flows j ̸= i in the vector. This requires

partitioning the matrix A into Aii, Aij , Aji, Ajj , as shown in (12).

A−1 =

 Aii Aij

Aji Ajj

 (12)
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where Aii is a scalar, Aij is a 1 × N − 1 vector consisting of elements j ̸= i from the ith

row of the matrix A−1, Aji is an N − 1 × 1 vector containing elements j ̸= i from the ith

column of A−1, and Ajj is an N − 1×N − 1 matrix. The non-singular matrix A need not

be symmetric, but Ω = σ2
ε(A

′A)−1 is symmetric and positive definite.4

Given the partitioned model format, we forecast observation i conditional on all other

observations j ̸= i using the expression in (13), where A−1
ii Zitδ̂ denotes the conditional mean

of the forecast for observation i, and (yj,t −A−1
jj Zjt−1δ̂) are the residuals from the previous

period for observations j ̸= i.

ŷi,t+1 = A−1
ii Zitδ̂ +Ωij(Ωjj)

−1(yj,t −A−1
jj Zjt−1δ̂) (13)

Our procedure for producing a forecast for observation i at time t+1 involves a number

of operations. First, it takes the prediction errors for observations j ̸= i made by the

model during the previous time period, (yj,t − A−1
jj Zjt−1δ̂), and removes the covariance

between these observations and observation i that we wish to forecast. This is accomplished

through multiplication by the part of the inverse variance-covariance matrix that pertains

to observations j ̸= i, Ω−1
jj . Second, the procedure reimposes the pattern of dependence

appropriate for the forecast observation i using the multiplication involving the partition

from the variance-covariance matrix that relates observation i and observations j ̸= i,

Ωij . The forecasted value ŷi,t+1, then uses these new dependent prediction errors from the

previous time period to improve on the simple conditional mean prediction A−1
ii Zitδ̂. In

other words, our forecast uses the previous period prediction errors from observations j

(all observations other than i) by translating these through use of the spatial dependence

structure to reflect dependence with observation i that we wish to forecast.

It should be clear that for cases where we have no spatial dependence so that ρ = 0,

which implies A = A−1 = IN , and Ω = σ2
εIN , our forecast would collapse to that from the

4For the robust model A = (IN − ρWc)V
1/2 and Ω = σ2

ε(A
′V −1A)−1, where V is a diagonal matrix

containing the variance scalar estimates.
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least-squares model. (Of course, the adjustments described to produce a separate model for

the intraregional flows would need be implemented.) This suggests that the greatest gains

in forecast accuracy would occur for situations involving high levels of spatial dependence,

since our forecast then rely more heavily on flows from nearby regions.

The models are estimated using sample data for the year 1995 and 1996 to produce

coefficient estimates based on the one-year lagged relationship between flows and regional

characteristics which are used to produce a one-year-ahead forecast for 1997. The models

are then re-estimated using sample data for 1996 and 1997 to produce a forecast for 1998,

and so on, with the last forecast for 2004. This procedure represents a real-time forecasting

experiment that reflects how the models would be used in actual forecasting practice.

To provide an assessment of the introduction of variables Xi,t−1 and intercept ιi to

separate out within-region versus between-region flows during estimation, we considered

the least-squares model that excludes the explanatory variable Xi,t−1 and intercept ιi from

the model, and does not set observations in the explanatory variable matrices Xo, Xd to zero

for the within-region flows. This is the conventional specification and estimation approach

for gravity models.

3.3 Forecasting Accuracy Results

In this section we analyze forecasting accuracy results from the five different specifications

and estimation schemes for the model (SAR robust; SAR non-robust; OLS-robust; OLS

non-robust; OLS conventional model).

Forecasting accuracy of the five models was compared using Mean Absolute Percentage

Error (MAPE) and the Percentage Mean Squared Error (PMSE), calculated using conven-

tional formulas shown in (14) and (15). We use yi,ft+1 to denote the ith forecasted flow

and yi,at+1 to represent the ith actual flow magnitude in (14) and (15).

Mean squared error penalizes larger forecast errors quadratically whereas mean absolute

error treats these in a linear fashion. Which measure one uses to analyze forecast accuracy

would depend on the forecaster’s loss function.
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MAPE = 100×
N∑
i=1

[
|yi,ft+1 − yi,at+1|

yi,at+1

]
/N (14)

PMSE = 100×
N∑
i=1

[
yi,ft+1 − yi,at+1

yi,at+1

]2
/N (15)

The forecast accuracy comparisons allow an examination of three issues. First, there

is the question of the role played by the adjustment proposed by LeSage and Pace (2008)

to produce a separate model to explain large variation in the main diagonal elements of

the flow matrix. The goal of this adjustment is to produce estimates that more adequately

model interregional flow variation, which could improve forecast accuracy. Second, there is

the question of whether downweighting aberrant observations during estimation improves

forecast accuracy. The third issue is whether spatial dependence in flows (which result in

a multivariate distribution for flows), can be exploited to improve forecast accuracy. The

multivariate distribution arising from spatial dependence allows us to exploit a decomposi-

tion provided by the multivariate normal distribution when producing forecasts. Forecasts

for each observation are conditional on the mean prediction/forecast plus any covariance

with flows from nearby observations.

The difference in forecast accuracy between the conventional OLS model and the OLS

non-robust provides information regarding the usefulness of the strategy for modeling inter-

and intra-regional flows separately. This is because the conventional OLS model from (1)

does not make adjustments to the intercept term or explanatory variables for the purpose

of producing a separate model for intraregional flows, whereas the model we label OLS

non-robust does this.

Differences in accuracy between the OLS non-robust and OLS robust models as well

as between the SAR non-robust and SAR robust provide information regarding the role

played by outlier observations that impact the model parameter estimates. The robust

parameter estimates of the same model specification should differ only because of aberrant

observations that are downweighted by the robust estimation procedures.
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Finally, differences between the SAR robust and non-robust and the OLS robust and

non-robust point to the importance of taking spatial dependence into account. This of course

depends on the magnitude of spatial dependence in the flow data, with highly dependent

data leading to a greater advantage for the spatial models and very low levels of dependence

resulting in no big differences between the OLS and SAR models. A theoretical upper bound

on ρ is unity, so values closer to one reflect higher levels of spatial dependence while values

closer to zero a lack of dependence.

The estimated parameters ρ reflecting the strength of spatial dependence for each time

period along with the PMSE and MAPE errors and standard deviations are reported in

Table 3. Accuracy comparisons were made based on the one-year ahead forecast of the 225

flows carried out for the period 1997 to 2004. In cases where the mean errors are the same,

a forecaster with a symmetric loss function would pick the forecasting method with the

smallest standard deviation in the forecast errors. An asterisk symbol ⋆ was used to denote

the best of the five models for each year and each accuracy criterion.

In our application, the levels of spatial dependence measured by estimates for the param-

eter ρ were low, ranging from 0.19 to 0.33 for the robust model and from 0.19 to 0.34 for the

non-robust model. Nonetheless, all coefficient estimates for ρ were statistically significantly

different from zero based on the reported standard deviations.

The first point to note is that the conventional model that did not adjust for intraregional

flows produced the largest forecast errors relative to the four models that adjusted for

intraregional flows during all years. This was true using either the PMSE or MAPE accuracy

criterion.

Asterisk symbols were used to indicate the best model for each year in the table. This

makes it clear that one of the two spatial models produced the best forecast in all years,

using either the PMSE or MAPE accuracy measures. For the PMSE accuracy criterion,

the robust SAR model produced the most accurate forecasts in five of the eight years, with

the non-robust SAR model winning in the other three years. Using the MAPE measure of

forecast accuracy, the robust SAR model performed better than the non-robust in six of
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the eight years. From this we conclude that modeling spatial dependence and using this

in the forecasting procedure improves forecast accuracy. The last two rows of the table

show the PMSE and MAPE cumulated over the eight years. These point to an average

improvement in PMSE accuracy over the conventional least-squares model equalling 1.4

percent per year, ((70.5 − 59)/8 = 1.43), and around 0.2 percent per year for the MAPE

measure, ((16.85− 15.23)/8 = 0.2).

Another focus of the forecasting experiments was the value of using robust estimation

methods that downweight outliers on forecast accuracy. If we consider the cumulative

measures of accuracy for all eight years, the robust spatial model produced a small but in-

consequential improvement in both PMSE and MAPE accuracy over the non-robust spatial

model. Similarly, the least-squares models produced results indicating no large differences

between models based on robust and non-robust estimates.

The last issue is that of the value of using a model that separates out intra- and interre-

gional flows, by providing separate explanatory variables and parameters for these two types

of flows. The two columns showing OLS results not labeled conventional OLS both use the

separate model for intraregional flows. Using the PMSE and MAPE measures cumulated

over the eight years, we see an improvement in PMSE forecast accuracy from around 70 for

the conventional model to 65.31 and 66.48 for the non-robust and robust OLS models. For

the MAPE criterion there is also an improvement from 16.85 to 16.15.

4 Conclusions

Gravity interaction models have traditionally relied on least-squares estimation methods,

ignoring the issue of spatial dependence between interregional flows. We propose a fore-

casting methodology for a spatial regression model extension of the classical gravity model

proposed by LeSage and Pace (2008). Their spatial regression approach also includes a

procedure for dealing with the presence of large diagonal elements in the flow matrix that

relate to within or intraregional flows.

We tested the forecasting accuracy of five alternative model specifications that allow us
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to analyze the marginal contribution of: 1) taking into account spatial dependence between

origin-destination flows; 2) the LeSage and Pace (2008) procedure for dealing with the

presence of large diagonal elements in the flow matrix using a separate model for these;

and 3) the importance of using a robust estimation method that downweights outlying or

aberrant observations.

Using both percent mean-square error (PMSE) and mean absolute percent error (MAPE)

accuracy measures, the procedure for dealing with the presence of large diagonal elements

in the flow matrix produced a consistent improvement in forecast accuracy over the con-

ventional least-squares model.

We find no overwhelming evidence that use of robust models produce more accurate fore-

casts than non-robust. Evidence in favor of the robust models is a bit stronger for the case

of spatial versus non-spatial models, but the difference in accuracy appears inconsequential.

To our knowledge, this is the first study of forecasting accuracy for spatial interaction

models that rely on a spatial autoregressive specification that models spatial dependence in

flow magnitudes. Griffith (2007) makes the point that alternative approaches to estimation

of these recently proposed models have produced a revival of interest in spatial variants of

gravity models.

One important area for future exploration would be a forecasting procedure for cases

where the flows represent count magnitudes, requiring Poisson or Negative Binomial es-

timation procedures. Lambert, Brown and Florax (2010) set forth a two-step maximum

likelihood estimation procedure for a spatial autoregressive Poisson model, which would

need to be extended to the case of flows involving N = n2 observations.

Given our results which pointed to low levels of spatial dependence in the flow magni-

tudes, it would be of interest to explore situations where the sample data exhibited higher

levels of dependence and more variation in dependence as well as a larger number of fore-

casting experiments. This would allow a more extensive exploration of the relationship

between forecast accuracy and levels of spatial dependence.
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Table 1: Description and source of the explanatory variables used

Variable Description Source
area Surface by regions NUTS2 in squared Km. INE
pop Population by regions NUTS2. INE
gdp Gross domestic product (GDP). INE
gva Gross value added (GVA). INE
distance Actual distance in Km traveled by heavy trucks (freight flows). M.Fomento
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Table 2: Summary statistics for the dependent and explanatory variables used

Variables Mean Median Std min max
1996 log(flows) 19.5 19.8 2.0 0.0 24.1
1996 gva 15142.5 9212.0 13815.5 2365.4 53299.9
1996 pop 2478273.9 1712529.0 2159928.7 264941.0 7234873.0
area 32901.7 23260.0 31173.2 5045.0 94225.0
1997 log(flows) 19.6 19.8 2.0 0.0 24.1
1997 gva 16330.7 10063.1 14889.0 2602.7 57441.0
1997 pop 2486261.9 1716152.0 2172542.2 263644.0 7236459.0
1998 log(flows) 19.8 20.0 1.6 14.6 24.2
1998 gva 16861.5 10497.1 15411.2 2722.3 59484.3
1998 pop 2505134.5 1726199.0 2195214.3 265178.0 7305117.0
1999 log(flows) 19.8 19.9 1.8 6.4 24.2
1999 gva 17584.9 11051.7 16011.0 2916.6 61685.2
1999 pop 2519758.7 1734261.0 2214176.2 264178.0 7340052.0
2000 log(flows) 19.9 20.1 1.6 13.7 24.3
2000 gva 18622.8 11853.9 16963.8 3086.3 65207.7
2000 pop 2554157.7 1755053.0 2250462.4 270400.0 7403968.0
2001 log(flows) 19.9 20.1 1.6 12.1 24.4
2001 gva 20062.7 13026.4 18033.8 3350.4 69324.1
2001 pop 2595455.7 1782038.0 2295043.5 281614.0 7478432.0
2002 log(flows) 20.0 20.1 1.6 15.6 24.4
2002 gva 21413.5 13810.1 19406.9 3557.9 74544.4
2002 pop 2648762.7 1815781.0 2359386.8 287390.0 7606848.0
2003 log(flows) 20.0 20.1 1.5 16.3 24.4
2003 gva 22348.8 14540.5 19943.9 3627.0 76462.5
2003 pop 2678961.9 1848881.0 2392957.3 293553.0 7687518.0
2004 log(flows) 20.1 20.2 1.6 14.6 24.4
2004 gva 23604.5 15544.1 20909.7 3864.1 79614.1
2004 pop 2734423.7 1894667.0 2456955.6 301084.0 7849799.0
2005 log(flows) 20.1 20.3 1.6 14.5 24.5
2005 gva 24973.0 16434.7 22051.6 4042.9 83620.6
2005 pop 2771289.1 1932261.0 2499410.0 306377.0 7975672.0
2006 log(flows) 20.1 20.4 2.0 0.0 24.5
2006 gva 26852.4 17748.1 23568.5 4244.0 88394.9
2006 pop 2734423.7 1894667.0 2456955.6 301084.0 7849799.0
2007 log(flows) 20.3 20.5 1.5 15.3 24.5
2007 gva 28483.9 17991.9 25077.7 4548.2 94018.2
2007 pop 2771289.1 1932261.0 2499410.0 306377.0 7975672.0
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Table 3: A comparison of one-year-ahead forecast errors

SAR SAR OLS OLS OLS
Robust non-robust robust non-robust conventional

1997
PMSE (std) 8.59* (35.03) 8.71 (34.14) 9.82 (38.56) 9.66 (35.57) 10.31 (36.54)
MAPE (std) 1.99* (2.15) 2.01 (2.16) 2.12 (2.31) 2.14 (2.25) 2.21 (2.33)
ρ̂ (std) 0.24 (0.065) 0.24 (0.071)

1998
PMSE (std) 5.10 (9.84) 5.08* (9.52) 6.50 (12.93) 6.24 (11.78) 6.92 (12.41)
MAPE (std) 1.67* (1.51) 1.69 (1.48) 1.94 (1.66) 1.90 (1.61) 2.01 (1.69)
ρ̂ (std) 0.29 (0.065) 0.30 (0.071)

1999
PMSE (std) 7.80 (25.71) 7.54* (25.67) 8.71 (31.32) 8.63 (30.32) 9.37 (31.58
MAPE (std) 1.91 (2.03) 1.85* (2.02) 1.99 (2.18) 2.00 (2.15) 2.08 (2.24)
ρ̂ (std) 0.33 (0.058) 0.34 (0.062)

2000
PMSE (std) 8.90* (37.47) 8.93 (36.25) 9.73 (41.88) 9.62 (39.60) 10.22 (40.69)
MAPE (std) 2.01* (2.20) 2.03 (2.19) 2.09 (2.31) 2.11 (2.27) 2.20 (2.32)
ρ̂ (std) 0.25 (0.063) 0.25 (0.071)

2001
PMSE (std) 8.45* (32.49) 8.76 (39.26) 9.14 (41.06) 9.04 (39.87) 9.73 (41.35)
MAPE (std) 1.93 (2.17) 1.90* (2.26) 1.97 (2.29) 1.98 (2.26) 2.05 (2.35)
ρ̂ (std) 0.34 (0.069) 0.30 (0.070)

2002
PMSE (std) 6.13* (10.56) 7.02 (12.50) 6.96 (12.66) 6.83 (11.69) 7.46 (12.31)
MAPE (std) 1.89* (1.60) 1.99 (1.75) 1.97 (1.75) 1.98 (1.71) 2.04 (1.81)
ρ̂ (std) 0.30 (0.056) 0.26 (0.066)

2003
PMSE (std) 6.76 (17.02) 6.66* (16.34) 7.69 (17.41) 7.57 (17.10) 8.14 (17.31)
MAPE (std) 1.91* (1.76) 1.92 (1.72) 2.02 (1.90) 2.01 (1.87) 2.12 (1.91)
ρ̂ (std) 0.19 (0.070) 0.19 (0.070)

2004
PMSE (std) 7.21* (19.18) 7.22 (19.37) 7.92 (19.71) 7.73 (19.05) 8.32 (19.50)
MAPE (std) 1.92* (1.87) 1.93 (1.87) 2.05 (1.93) 2.03 (1.89) 2.14 (1.93)
ρ̂ (std) 0.27 (0.071) 0.26 (0.073)∑8

i=1 PMSE 58.95* 59.93 66.48 65.31 70.47∑8
i=1 MAPE 15.23* 15.32 16.15 16.15 16.85
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